Anisotropic flow coefficients and their fluctuations are investigated for Au+Au collisions at center of mass energy √ sNN = 200 GeV by using a multi-phase transport model with string melting scenario. Experimental results of azimuthal anisotropies by means of the two-and four-particle cumulants are generally well reproduced by the model including both parton cascade and hadronic rescatterings. Event-by-event treatments of the harmonic flow coefficients vn (for n = 2, 3 and 4) are performed, in which event distributions of vn for different orders are consistent with Gaussian shapes over all centrality bins. Systematic studies on centrality, transverse momentum (pT ) and pseudorapidity (η) dependencies of anisotropic flows and quantitative estimations of the flow fluctuations are presented. The pT and η dependencies of absolute fluctuations for both v2 and v3 follow similar trends as their flow coefficients. Relative fluctuation of triangular flow v3 is slightly centralitydependent, which is quite different from that of elliptic flow v2. It is observed that parton cascade has a large effect on the flow fluctuations, but hadronic scatterings make little contribution to the flow fluctuations, which indicates flow fluctuations are mainly modified during partonic evolution stage.
I. INTRODUCTION
An extreme hot and dense source composed of deconfined quarks and gluons (Quark Gluon Plasma) is believed to be created in high-energy heavy-ion collision [1] . Because the pressure gradient of source is large enough to translate an initial coordinate space asymmetry to a final momentum space anisotropy, it can be experimentally measured as anisotropic flow. Anisotropic flow, as a typical collective behavior of particles emission, has been proved as a good probe to study the formed source because it can provide important information about equation of state and transport properties of the formed matter in high-energy heavy-ion collisions [2] [3] [4] [5] [6] [7] . One of the most striking experimental results ever obtained at Relativistic Heavy Ion Collider (RHIC) is strong elliptic flow (i.e. v 2 ), which is defined as the second harmonic coefficient of the Fourier expansion of the azimuthal distribution of the final-state particles [8] [9] [10] [11] . The averaged magnitude of elliptic flow has been extensively studied as functions of centrality, transverse momentum (p T ), pseudo-rapidity (η), particle type as well as energy and collision systems [12] [13] [14] [15] [16] [17] . Since hydrodynamical models have given many comparable descriptions on the measured flow [18] [19] [20] [21] [22] , it indicates that the hot and dense source is a nearly perfect fluid in the early period of highenergy heavy-ion collisions [1, 2] .
In recent years, higher orders of harmonic coefficients in the Fourier expansion of azimuthal distribution (i.e. * Corresponding author. Email: ygma@sinap.ac.cn v n for n = 3, 4, 5...) have attracted much more attention since they are expected to be more sensitive to the properties of Quark Gluon Plasma and equation of state. The higher even orders of harmonic coefficients, e.g. v 4 and v 6 , were systematically studied experimentally, which provide very useful information about the collision dynamics and the properties of the hot dense matter in the initial stage [23] . For higher odd orders of harmonic coefficients, they were ever supposed to vanish due to the source symmetry. However, the importance of fluctuations was realized that the initial fluctuations of geometry asymmetries will be transferred into the final momentum space as the system expands, which finally lead to non-zero values of the odd harmonic flow coefficients [24] [25] [26] . It was found that odd orders of harmonic flows are sensitive to not only initial condition but also shear viscosity over entropy density η/s during QGP evolution stage. The studies of the odd orders of harmonic flows, especially third flow harmonic (v 3 ), are thus of great interests in recent years. For instance, it has been suggested that the third harmonic flow v 3 is responsible for the ridge and shoulder structures in dihadron azimuthal correlations [27] [28] [29] [30] [31] [32] [33] [34] . It was also found that v 3 shows its sensitivity to viscosity and initial state granularity, based on event-by-event relativistic viscous hydrodynamic simulations [35] [36] [37] .
The measurements of anisotropic flow fluctuations are believed to be a good access to the initial conditions, especially for its fluctuating or correlating properties. The measurements of elliptic flow fluctuation and even higher harmonic flow fluctuations on the event-by-event basis may elucidate both the system dynamics and new phenomena which occur in the early stage of collisions [38] [39] [40] . The centrality and system-size dependencies of the event-by-event elliptic flow fluctuations in Au+Au collisions at √ s N N = 200 GeV have been studied by the PHOBOS and the STAR experiments [41] [42] [43] , which show a relative large fluctuation of 40% in mid-central region. The elliptic flow fluctuations are also theoretically studied with some models including initial state fluctuations [44] [45] [46] , which disclose the correlations between final flow and the initial geometry fluctuations, as well as some information about the viscosity and other properties of the hot matter created in high-energy heavy-ion collisions.
In this paper, we present a systematic study on harmonic flows and their fluctuations with a multi-phase transport (AMPT) model. The pseudo-rapidity and transverse momentum dependencies have been systematically studied, which provide a better understanding of the source fluctuation properties. The paper is organized as follows: In Sec. II, A multi-phase transport model is briefly introduced. The results and discussions are presented in Sec. III. In Sec. IV, a brief summary is presented.
II. BRIEF DESCRIPTION OF AMPT MODEL
A multi-phase transport model [47] is a useful Monte Carlo model to investigate evolution dynamics for highenergy heavy-ion collisions. Currently, the AMPT model has two versions, i.e. the default version and stringmelting version. Both of them consist of four main dynamical components: initial condition, parton cascade, hadronization, and hadronic rescatterings.
For the initial condition, the phase space distributions of minijet partons and soft string excitations are included, which are obtained from the Heavy-Ion Jet Interaction Generator model (HIJING) [48] in which the Glauber model with multiple nucleon scatterings is basically used to describe the initial state of heavy-ion collisions. The multiple scatterings lead to the fluctuations in local energy density or hot spots from both soft and hard interactions which are proportional to local transverse density of participant nucleons. In the string-melting version, both excited strings and minijet partons are melt into partons. However all partons only consist of minijet partons in the default version. Scatterings among partons are then treated according to Zhang's Parton Cascade (ZPC) model [49] which includes only two-body elastic scatterings with a cross section obtained by the following equation,
where α s = 0.47 is the strong coupling constant, s and t are the usual Mandelstam variables and µ is the screening mass. When all partons stop interacting with each other, a simple quark coalescence model is used to combine partons into hadrons for the string-melting version.
However, the Lund fragmentation is implemented for the hadronization in the default version. Thus partonic matter is then turned into hadronic matter and the hadronic interactions are subsequently simulated by using A Relativistic Transport (ART) model which includes both elastic and inelastic scatterings for baryon-baryon, baryonmeson and meson-meson interactions [50] . For some collective phenomena in high-energy heavyion collisions, it is found that the string-melting version is much more appropriate than the default version with the help of a large parton interaction cross section [23, 47, [51] [52] [53] . Therefore, we choose the version of AMPT model with string-melting mechanism with the parton cross section of 10 mb or 3 mb to simulate Au+Au collisions at 200 GeV in this work. We focus on the partonic and hadronic effects on flow and flow fluctuation. For this analysis, we divide the AMPT events into different centrality bins, as described in Table I , where the mean values of participant nucleons N P and corresponding impact parameter ranges for each centrality bin are shown. Before we present further results, we should mention that in most calculation results which are shown in this work except Figure 7 , 10 mb parton cross section was always used. The collectivity in high-energy heavy-ion collisions can be measured through final particle azimuthal anisotropy [18] . The anisotropy coefficients are generally obtained from Fourier expansion of final particle azimuthal distribution [19, 54] , i.e.
where E is the energy of the produced particle, p T is the transverse momentum, y is the rapidity, φ represents the azimuthal angle of particle and ψ RP is the reaction plane angle. The Fourier coefficients v n (n=1,2,3..) are typically used to characterize the different orders of azimuthal anisotropies with the form
where the bracket denotes statistical averaging over particles and events. In the AMPT model, reaction plane angle ψ RP is assigned to be zero and the flow harmonic coefficients can be written as v n = cos(nφ) (for n=1, 2, 3). Harmonic flow v n can also be calculated with respect to the participant plane angle ψ n {P } under participant coordinate system [55] instead of reaction plane angle ψ RP . The participant plane is defined by the principal axis of the participant zone in the following equation
where n denotes the nth-order participant plane, r and ϕ are the coordinate position and azimuthal angle of each parton in AMPT initial state and the average · · · denotes density weighting. Harmonic flow coefficients with respect to participant plane are defined as
The above method for the calculation of v n is referred to as participant plane method which has been popularly used for flow calculations in different models [56] . Because the participant plane angle defines the azimuthal angle of the plane by constructing initial energy distribution in coordinate space, v n {P } with event-by-event fluctuation effects included is more reasonable to compare with experimental data. In Figure 1 , we show the event-by-event distributions of v n {P } (n=2,3,4) for all charged particles within mid-rapidity for four different centrality bins in Au+Au collisions at 200 GeV, where solid curves are Gaussian fittings. The v n {P }(n=2,3,4) distributions are consistent with Gaussian shapes for all the orders and all the centrality bins from the AMPT simulations.
Several methods and techniques have been developed to estimate the flow coefficients experimentally [54, [57] [58] [59] , such as the event plane method that is reconstructed within mid-rapidity [54] and FTPC event plane method that uses forward-or backward-going tracks in the large rapidity window to determine the event plane. These methods have been widely used in experimental analysis of flow, though it is still argued for them to have some disadvantages [60, 61] . On the other hand, multi-particle correlation method (or cumulant method) has successfully quantified the harmonic flow coefficients, without requiring the reaction or participant plane [10, 58, [62] [63] [64] . The contribution of non-flow correlations from lower order correlations can be effectively removed with multiparticle correlation. The cumulant method is expected to partially eliminate detector effects, because it is insensitive to detector acceptance.
A Q-cumulant or direct cumulant method, which calculates cumulants without using multiple loops over tracks and generating functions, has been developed for flow analysis [59] . The Q-cumulant method calculates flow coefficients v n (n=2,3,4..) directly from particle correlations with a flow vector defined as
where M is the number of particles. The cumulants are weighted by averaging over events, which can be expressed in terms of the moments of the magnitude of the corresponding flow vector,
where the double brackets denote weighted first over the particles and then over the events for two-and fourparticle correlations. The weights are the total number of combinations of two-or four-particle correlations, i.e. (8) which are used to minimize the effects from multiplicity fluctuations [65] .
The final two-and four-particle cumulants can be written as
For integral (or reference) flow coefficients, they can be estimated directly from two-and four-particle cumulants by the following equations,
One can also proceed the calculations of differential flow with a new definition of vectors with particles of interest (POI) and reference particle (REP). For particles labeled as POI, we define a vector
For particles labeled as both POI and REP, we define a vector 
where m p and m q are the number of selected particles. The reduced single-event averaged two-and four-particle correlations can be formalized as 2 ′ and 4 ′ [59] . Thus the two-and four-particle differential cumulants are given by,
Estimations of differential flow coefficients are expressed as:
In addition, it was suggested that if the Gaussian form of flow fluctuations in the participant plane is taken with the definitions of cumulants flow [55] , one would have
where δ n is the non-flow contribution from correlations not related to the reaction plane, and σ vn is the absolute flow fluctuation. The approximation in Equation (18) is valid when σ vn ≪ v n and higher order moments are negligible. In above definitions, two-particle cumulant flow contains non-flow contribution, and four-particle cumulant flow is unaffected by non-flow effect but by flow fluctuations [66] .
If the distribution of v n {P } is with a Gaussian shape as shown in Figure 1 , one can take advantage of difference between Equation (17) and Equation ( 18) to estimate of the total flow fluctuation in the limit of small fluctuation,
where Equation (19) gives an absolute flow fluctuation estimation and Equation (20) presents a relative flow fluctuation estimation. It should be noted that the flow fluctuations defined with above formulas contain non-flow contributions, therefore they can only be treated as uplimits for both absolute and relative flow fluctuations. The up-limits of elliptic flow v 2 fluctuations with the above definition have been studied both experimentally and theoretically so far [55, 67] . Non-flow correlations do have substantial effects on the measurements of flow fluctuations. Previous studies show that it is difficult to disentangle non-flow effects and flow fluctuations if without other assumptions due to initial geometry fluctuations [55, 68] . A recent work shows that a large pseudo-rapidity gap between particles can effectively reduce short-range non-flow contributions [69] . However, the validity of the large pseudo-rapidity gap assumption can not be unambiguously applicable [39] , therefore non-flow is not eliminated completely in this way and additional fluctuations from unknown sources could lead to non-ignorable contribution on the difference between v n {2} and v n {4}. However, the quantity R vn (Q) can be treated as a reasonable approximation of relative flow fluctuation, under the assumption that nonflow only takes a small portion of contribution ( ≤ 10%).
Since it is still uncertain if one can reliably obtain true flow fluctuations from cumulant measurements, we try a compensative way to do event-by-event treatment on v n {P } based on its standard definition in AMPT model simulations. In this way, the absolute flow fluctuation σ vn (P ) and the relative flow fluctuation R vn (P ) can be defined as,
where brackets denote event averaging. Figure 2 comparatively shows the integrated flow coefficients v n for charged particles (|η| ≤ 1.0) as a function of N P based on Q-cumulant method and participant plane method, as well as the absolute flow fluctuations of σ vn (Q) and σ vn (P ) in Au+Au collisions at 200 GeV. The AMPT results for v 2 {2} and v 2 {4} are in good agreement with the STAR experimental results [70] from mid-central to central Au+Au collisions. The absolute elliptic flow fluctuations σ v2 monotonously decrease with N P . The standard deviation of participant flow value σ v2 (P ) overestimates flow fluctuation σ v2 (Q) which contains some additional non-flow effect. It is found that v 2 is dominated by its fluctuation for the most central or the most peripheral Au+Au collisions. For higher order harmonics especially the third harmonic, the fourth power of v 3 {4} is almost consistent with zero within the error range in the model results which is quite consistent with the recent experiment results [71] . By assuming v 3 {4} equals to zero,
is presented here instead of the complete form of Equation ( 19) simply for comparisons. We can see for higher order harmonics v 3 and v 4 , the results from Q-cumulant method show weak centrality dependencies which is similar to the LHC measurements [72] . By comparing v 3 {P } and σ v3 (P ), it is clearly seen that triangular flow mainly comes from fluctuation. From the AMPT calculations, v 4 {P } shows obvious centrality dependence which falls to almost zero for the most peripheral collisions. σ v4 (P ) only has the similar magnitude with v 4 {P } only for the most central events, but with larger σ v4 (P ) than v 4 {P } for non-central collisions. For v 3 {4} and v 4 {4} not shown here, we found that they are consistent with zero within the errors, which is similar to the STAR preliminary measurements [73] .
It was suggested that v n {2} should be likely equal to v n {P } [55] . For this reason, σ vn (P) should be smaller than σ vn (Q) under positive non-flow assumption, as the difference between σ vn (P ) and σ vn (Q) is totally caused by non-flow effect. But as shown in Figure 2 , σ vn (P ) is slightly larger than σ vn (Q) over all the centrality ranges which indicates that σ vn (Q) is not exactly the standard deviation of v n {P } defined by σ vn (P ). However, it does little effect if we only make magnitude estimate of flow fluctuation and study the trends of flow coefficients and their fluctuations. Nevertheless, σ v2 (P ) can give general estimation of v 2 fluctuations in magnitude, and σ vn (P ) can be used to study the fluctuations of higher harmonic coefficients in the similar way.
B.
vn fluctuations as functions of transverse momentum and pseudo-rapidity
It is also important to study the transverse momentum (p T ) dependence of anisotropic flow from cumulant method and make comparisons with the results from participant plane method. Figure 3 shows the differential v 2 and v 3 obtained with the Q-cumulant method and participant plane method, in comparison with two-particle v 2 {2} and four-particle v 2 {4} from the RHIC experiments [74, 75] . It is observed that the AMPT results of v 2 {4} is consistent with the experimental data, but v 2 {2} is slightly larger than the experimental data. Ab-solute flow fluctuations of σ v2 (Q) and σ v3 (P ) are also shown. It is found that absolute v 2 fluctuation shows similar transverse momentum and centrality dependencies as v 2 . For the most central Au+Au collisions (0-10%), v 2 is mainly dominated by its absolute fluctuation. On the other hand, v 3 has very weak centrality dependence, which differs significantly from that of v 2 . It is clearly seen that absolute fluctuation of v 3 has a similar magnitude as v 3 , which is consistent with the fact that the origin of triangular flow is due to initial fluctuations. As pseudo-rapidity (η) dependence of anisotropic flow gives additional information about the longitudinal expansion of the created medium, we investigate the dependencies of elliptic flows v 2 and triangular flow v 3 for charged hadrons on pseudo-rapidity η with both Qcumulant and participant plane methods with the AMPT model. Figure 4 shows the pseudo-rapidity dependencies of the elliptic flow and triangular flow for six centrality bins in Au+Au collisions at 200 GeV from the AMPT model simulations. v 2 (η) for all centrality bins are of Gaussian shape, but the magnitude varies with centrality bins. However, the magnitude of triangular flow v 3 (η) shows weak centrality dependence as that of v 3 (p T ). The absolute fluctuations, σ v2 (Q) and σ v3 (P ) , show similar trends as their flow coefficients. Triangular flow fluctuation of v 2 3 {2} /2 from Q-cumulant method are also shown for comparison.
FIG. 4: (Color online)
The AMPT results on v2 (upper six panels) and v3 (lower six panels) from Q-cumulant method and participant plane method as a function of pseudo-rapidity for six centrality bins in Au+Au collisions at 200 GeV. Experimental v3 {T P C} data are also taken from Ref. [71] .
Transverse momentum dependence of relative flow fluctuation has attracted much attentions in both theoretical and experimental communities [56, 76] . Within the framework of AMPT model, we investigate both transverse momentum and pseudo-rapidity dependencies of relative flow fluctuations for different centrality bins in Au+Au collisions at 200 GeV. In Figure 5 , R v2 (p T ) shows similar trend as seen those in Pb+Pb collisions at LHC energy [76] , which suggests that elliptic flow fluctuation may be controlled by a common mechanism between the two energies. R v2 for the most central collisions (0%-10%) shows much larger magnitude than those for other centrality bins over the whole p T range, which is consistent with the fact that elliptic flow is dominated by its fluctuation in the most central collisions. For R v3 , it has little p T dependence as R v2 . However, unlike R v2 , R v3 shows a monotonic increasing behavior from central to peripheral collisions, which actually is driven by both centrality dependencies of v 3 and σ v3 together. On the other hand, it indicates the contribution of v 3 fluctuation becomes more significant in more peripheral collisions. Elliptic flow fluctuation R v2 and triangular flow fluctuation R v3 are presented as a function of pseudo-rapidity η in Figure. 6. R v2 for the most central collisions is quite flat over the whole η range, which is different from that for the non-central collisions in which R v2 shows slight η dependence with a wide Gaussian shape. It is interesting that the experimental results of v 2 fluctuation versus η shows little pseudo-rapidity dependence for Pb+Pb collision at 2.76 TeV [77] . On the other hand, R v3 shows no significant η dependence for any centrality bin. The parton interaction cross section in the AMPT model has shown a significant effect on final flow coefficients, meanwhile final hadronic rescatterings (FHR) also have considerable influence on the magnitude of the flow coefficients [23] . It is essential to investigate the effects on anisotropy fluctuations from partonic stage and [39, 40] . The PHOBOS data errors are quoted from Ref. [78] .
hadronic stage, since it may shed light on the evolution dynamics of the source in high-energy heavy-ion collisions. 
